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We present arguments suggesting that large size overlapping instantons are the driving mechanism 
of the confinement-deconfinement phase transition at nonzero chemical potential yi. The arguments 
are based on the pictnre that instantons at very large chemical potential in the weak conpling 
regime are localized confignrations with finite size p ~ At the same time, the same instantons 
at smaller chemical potential in the strong coupling regime are well represented by the so-called 
instanton-quarks with fractional topological charge l/N^. We estimate the critical chemical potential 
yic{T) where this phase transition takes place as a function of temperature in the domain where our 
approach is justified. In this picture, the long standing problem of the “accidental” coincidence of the 
chiral and deconfinement phase transitions at nonzero temperature (observed in lattice simulations) 
is naturally resolved. We also derive results at nonzero isospin chemical potential pi where direct 
lattice calculations are possible, and our predictions can be explicitly tested. 
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Introduction. — Color confinement, spontaneous 
breaking of chiral symmetry, the U{\) problem and the 
6 dependence are some of the most interesting questions 
in QCD. Unfortunately, progress in the understanding 
of these problems has been extremely slow. At the end 
of the 1970’s A. M. Polyakov Q demonstrated charge 
confinement in QED^. This was the first example where 
nontrivial dynamics was shown to be a key ingredient 
for confinement: The instantons (the monopoles in 3d) 
play a crucial role in the dynamics of confinement in 
QED^. Soon afterwards instantons in four dimensional 
QCD were discovered However, their role in QCD 4 
remains unclear due to the divergence of the instanton 
density for large size instantons. 

Approximately at the same time instanton dynamics 
was developed in two dimensional, classically conformal, 
asymptotically free models (which may have some analo¬ 
gies with QCD 4 ). Namely, using an exact accounting and 
resummation of the u-instanton solutions in 2 d 
models, the original problem of a statistical instanton 
ensemble was mapped unto a 2d-Coulomb Gas (CG) 
system of pseudo-particles with fractional topological 
charges ~ 1 /Nc (the so-called instanton-quarks) 0 . The 
instanton-quarks do not exist separately as individual ob¬ 
jects. Rather, they appear in the system all together as 
a set of ~ Nc instanton-quarks so that the total topo¬ 
logical charge of each configuration is always an integer. 
This means that a charge for an individual instanton- 
quark cannot be created and measured. Instead, only 
the total topological charge for the whole configuration 
is forced to be integer and has a physical meaning. This 
picture leads to the elegant explanation of confinement 
and other important properties of the 2 d mod¬ 

els |3- Unfortunately, despite some attempts 0, there 
is no demonstration that a similar picture occurs in 4d 
gauge theories, where the instanton-quarks would be¬ 


come the relevant quasiparticles. Nevertheless, there re¬ 
mains a strong suspicion that this picture, which assumes 
that instanton-quarks with fractional topological charges 
^ 1 /Nc become the relevant degrees of freedom in the 
confined phase, may be correct in QCD 4 . 

On the phenomenological side, the development of the 
instanton liquid model (ILM) ill has encountered suc¬ 
cesses (chiral symmetry breaking, resolution of the U{1) 
problem, etc) and failures (confinement could not be de¬ 
scribed by well separated and localized lumps with in¬ 
teger topological charges). Therefore, it is fair to say 
that at present, the widely accepted viewpoint is that 
the ILM can explain many experimental data (such as 
hadron masses, widths, correlation functions, decay cou¬ 
plings, etc), with one, but crucial exception: confine¬ 
ment. There are many arguments against the ILM ap¬ 
proach, see e.g. 0, there are many arguments supporting 
it @ . 

In this letter we present new arguments supporting the 
idea that the instanton-quarks are the relevant quasi¬ 
particles in the strong coupling regime. In this case, 
many problems formulated in [g are naturally resolved 
as both phenomena, confinement and chiral symmetry 
breaking are originated from the same vacuum configu¬ 
rations, instantons, which may have arbitrary scales: the 
finite sized localized lumps, as well as set of Nc fraction¬ 
ally charged 1 /Nc correlated objects with arbitrary large 
separations. 

More importantly, we make some very specific predic¬ 
tions which can be tested with traditional Monte Carlo 
techniques, by studying QCD at nonzero isospin chemi¬ 
cal potential[8j. We start by reviewing recent work for 
QCD at large p in the deconfined phase 0, where the in¬ 
stanton calculations are under complete theoretical con¬ 
trol, since the instantons are well-localized objects with 
a typical size p ^ l/p. We then discuss the dual rep- 


2 


resentation of the low-energy effective chiral Lagrangian 
in the regime of small chemical potential where confine¬ 
ment takes place. We shall argue that the corresponding 
dual representation corresponds to a statistical system of 
interacting pseudo-particles with fractional 1/fVc topo¬ 
logical charges which can be identified with instanton- 
quarks 113 suspected long ago ill Based on these 
observations we conjecture that the transition from the 
description in terms of well localized instantons with fi¬ 
nite size at large /r to the description in terms of the in- 
stanton quarks with fractional \/Nc topological charges 
precisely corresponds to the deconfinement-confinement 
phase transition. In what follows we explicitly calculate 
the critical chemical potential where this phase transi¬ 
tion occurs. Our conjecture can be explicitly and readily 
tested in numerical simulations due to the absence of the 
sign problem at arbitrary value of the isospin chemical 
potential. If our conjecture turns out to be correct, it 
would be an explicit demonstration of the link between 
confinement and instantons. 

Instantons at large fi .— At low energy and large chem¬ 
ical potential, the rj' is light and described by the La¬ 
grangian derived in |^: 

- u'^idiipf] - Vinsti^p)- ( 1 ) 

where the ip decay constant, /^(mb) = and 

= 3/rj/167r^, and its velocity, = 1/3 lllj| . 
We define baryon and isospin chemical potentials as 
h-B,/ = {/J-u ± Md)/2. The nonperturbative potential 
Vinst ~ cos{(p — 0) is due to instantons, which are sup¬ 
pressed at large chemical potential. 

The instanton-induced effective four-fermion interac¬ 
tion for 2 flavors, u, d, is given by mm. 

Tinst = jdpn{p)(^'K‘^p^^ ^{uRUL){dRdL) + 

{uR\°‘UL){dR\°‘ dL) 

We study this problem at nonzero temperature and 
chemical potential for T p, and we use the standard 
formula for the instanton density at two-loop order 

n{p) = C'Ar(/37(p))2^‘=p"®exp[-/3//(p)] (3) 

exp[-(iV/p2 + i(21Ve + Nf)TT^T‘^)p% 

where 


+ H.C. (2) 
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By taking the average of Eq. II over the state with 
nonzero vacuum expectation value for the condensate, 
one finds 

Mnst(p) = - jdpn{p) 

= —a{p,T)p^A^cos{ip — 9), (4) 

where \X{ pb)\ = ip%A/^!3i{p) and \X{pi)\ = 

3-\/3p|A/-\//3/(p), and A is the gap . Therefore 

the mass of the <p field is given by 


-TT^p^ ) 12|A(p)p cos((p — 0) 


m = 


a{p,T) pA 
2 fid)' 


(5) 


The approach presented above is valid as long as the ip 
field is lighter than ~ 2A, the mass of the other mesons 
in the system |^, that is if 

aid,T) <8f{p)/p^. (6) 


This is exactly the vicinity where the Debye screening 
scale and the inverse gap become of the same order of 
magnitude |^, and therefore, where the instanton expan¬ 
sion breaks down. 

For reasons which will be clear soon, we want to rep¬ 
resent the Sine-Gordon (SG) partition function in 

the equivalent dual Coulomb Gas (CG) representation 
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G{Xa - Xb) = 
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47r2(a:a - Xb)"^ 


A = 


ap 


-• (7) 


Physical interpretation of the dual CG representation 0 : 

a) Since Qnet = Qa total charge and it appears 
in the action multiplied be the parameter 9, one con¬ 
cludes that Qnet is the total topological charge of a given 
configuration. 

b) Each charge Qa in a given configuration should be 
identified with an integer topological charge well local¬ 
ized at the point Xa- This, by definition, corresponds to 
a small instanton positioned at Xa- 

c) While the starting low-energy effective Lagrangian 
contains only a colorless field p we have ended up with a 
representation of the partition function in which objects 
carrying color (the instantons) can be studied. 

d) In particular, II and II interactions (at very large dis¬ 
tances) are exactly the same up to a sign, order and 
are Goulomb-like. This is in contrast with semiclassical 
expressions when II interaction is zero and II interac¬ 
tion is order 1 /g^. 

e) The very complicated picture of the bare II 
and II interactions becomes very simple for dressed 
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instantons/anti-instantons when all integrations over all 
possible sizes, color orientations and interactions with 
background fields are properly accounted for. 
f) As expected, the ensemble of small p ^ l/fi instantons 
can not produce confinement. This is in accordance with 
the fact that there is no confinement at large p. 

Instantons at small p II3- — We want to repeat the 
same procedure that led to the CG representation in the 
confined phase at small p to see if any traces from the 
instantons can be recovered. We start from the chiral 
Lagrangian and keep only the diagonal elements of the 
chiral matrix U = exp{zdiag(^i,..., ipNf)} which are rel¬ 
evant in the description of the ground state. Singlet com¬ 
bination is defined as (^ = Tr U. The effective Lagrangian 
for the (j) is 

/I _ Q\ 

Lr,' = +EcOSy j -b ^ TOa cos (^a (8) 

A Sine-Gordon structure for the singlet combination cor¬ 
responds to the following behavior of the (2/c)**' derivative 
of the vacuum energy in pure gluodynamics 0. 

. 2k 

~ / Y[dx,{Q{xi)...Q{x2k)) ~ 

9=0 J 
2 •— 

where Q = is the topolo gica l density. The 

same structure was also advocated in from a differ¬ 
ent perspective. As in o the Sine-Gordon effective field 
theory © can be represented in terms of a classical sta¬ 
tistical ensemble (GG representation) given by 10 with 
the replacements A —> £1, u 1. The fundamental dif¬ 
ference in comparison with the previous case 0 is that 
while the total charge is integer, the individual charges 
are fractional ztl/Nc- This is a direct consequence 
of the 0/Nc dependence in the underlying effective La¬ 
grangian 0 before integrating out (j) fields. 

Physical Interpretation of the GG representation 0 of 
theory 0 : 

a) As before, one can identify Qnet = with the 

total topological charge of the given configuration. 

b) Due to the 27r periodicity of the theory, only configu¬ 
rations which contain an integer topological number con¬ 
tribute to the partition function. Therefore, the number 
of particles for each given configuration Qi with charges 
~ 1 /Nc must be proportional to Nc- 

c) Therefore, the number of integrations over df^Xi in GS 
representation exactly equals ANck, where k is integer. 
This number AN^k exactly corresponds to the number 
of zero modes in the fc-instanton background. This is 
basis for the conjecture 0 that at low energies (large 
distances) the fractionally charged species, Qi = ±1/A^c 
are the instanton-quarks suspected long ago 0 • 

d) For the gauge group, G the number of integrations 
would be equal to 4fcC'2(G) where C 2 {G) is the quadratic 
Gasimir of the gauge group {9 dependence in physical 


observables comes in the combination ) ■ This num¬ 
ber AkC 2 {G) exactly corresponds to the number of zero 
modes in the fc-instanton background for gauge group G. 

e) The GG representation corresponding to eq.0 de¬ 
scribes the confinement phase of the theory. One immedi¬ 
ate objection: it has long been known that instantons can 
explain most low energy QGD phenomenology with 
the exception confinement; and we claim that confine¬ 
ment arises in this picture: how can this be consistent? 
We note that quark confinement can not be described in 
the dilute gas approximation, when the instantons and 
anti-instantons are well separated and maintain their in¬ 
dividual properties (sizes, positions, orientations), as at 
large p. However, in strongly coupled theories the in¬ 
stantons and anti-instantons lose their individual prop¬ 
erties (instantons will “melt”) their sizes become very 
large and they overlap. The relevant description is that of 
instanton-quarks which can be far away from each other, 
but still strongly correlated. 

Conjecture. — We thus conjecture that the 
confinement-deconfinement phase transition takes place 
at precisely the value where the dilute instanton calcu¬ 
lation breaks down: At low p color is confined (because 
of the instanton-quarks), whereas at large p color is not 
confined (because of dilute instantons). The value of the 
critical chemical potential as a function of temperature, 
Pc{T) is given by saturating the inequality 0. 

Few remarks are in order. We can calculate the tem¬ 
perature dependence of Pc{T) only at relatively low T 
where our calculations are justified. We also note that 
the critical chemical potentials given below are not sen¬ 
sitive to the specific assumptions made in the derivation 
of eq. 0 as the numerical estimates below are based on 
approaching critical values from large p. We expect that 
our numerical results for Pc(T) are not very sensitive to 
many unavoidable uncertainties due to the large power 
of {Kqcd/ pY’ entering the instanton density. 

Results. — The critical chemical potential as a func¬ 
tion of temperature is implicitly given by a{pc{T),T) = 
Sp{pc{T))/P c(TY. We can calculate a{pc{T),T) from 
0 . We are however limited to temperatures where 
Gooper pairing takes place, i.e. for T < 0.567A 0. 
We have determined the critical chemical potential in 
different cases at nonzero baryon or isospin chemical po¬ 
tential. We find that the values of the critical chemical 
potentials at T = 0 are given by (we use rus — 150 MeV 
which is numerically close to 0.75A for A^j = 3)^: 


^ If we used 1-loop (3 function, we would get larger coefficients in 
the table. It is simple reflection of the fact that we are very close 
to the critical values where the interaction is essential. While 
numerical predictions are not robust, the general picture of the 
transition is not sensitive to the details and remains the same. 


d^>^E„ac{e) 


dQ 2 k 
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N, = 3, Nf = 2 

N, = 3, Nf = 3 

N, = 2, Nf = 2 

Msc/A 

2.3 

1.4 

3.5 

M/cM 

2.6 

1.5 

3.5 


As an example, we explicitly show the results as a func¬ 
tion of temperature for Nc = 3 at nonzero fij in FIG.^ 
where direct lattice calculation are possible. We notice 
that with our conventions the transition from the normal 
phase to pion condensation happens at = 

A = 0 ^ 

/ 

/ 

|A‘c(r)/AQCD 

i 2 * 3 4 5 ^ 

/^//•^QCD 

FIG. 1: Critical isospin chemical potential for the 

confinement-deconfinement phase transition as a function of 
temperature (solid curve). The dashed curve represents the 
largest temperatures that can be reached in our approach, 
given by 0.567A (see text for more details). 

Conclusion. — In this article we have conjectured 
that there is a confinement-deconfinement phase tran¬ 
sition at nonzero chemical potential and small temper¬ 
ature that is driven by instantons (which transformed 
from well-localized objects to strongly overlapped con¬ 
figurations). Furthermore we make a quantitative pre¬ 
diction for the critical value of the chemical potential 
where this transition takes place: ~ 3Aqcd at T = 

0. This prediction can be readily tested on the lat¬ 
tice at nonzero isospin chemical potential. Our conjec¬ 
ture corresponds to the statement that the confinement- 
deconfinement transition and the topological charge den¬ 
sity distribution (instanton-quark to instanton transi¬ 
tion) must experience sharp changes exactly at the same 
critical value fic{T). There are well- established lattice 
methods which allow to measure the topological charge 
density distribution, see e.g. I1II3. Independently, there 
are well established lattice method which allow to intro¬ 
duce isospin chemical potential into the system, see e.g. 
0 We claim that the topological charge density dis¬ 
tribution measured as a function of fj.i will experience 
sharp changes at the same critical value p,j = fJ,c(T) 
where the phase transition (or rapid crossover) occurs. 
If our conjecture is correct, the phase diagram of QCD 
at nonzero temperature and isospin chemical potential 
should be given by FIG. El 

Finally, at the intuitive level there seems to be a close 
relation between our conjecture about instanto n q uarks 
and the “periodic instanton” analysis |^. In¬ 

deed, in these papers it has been shown that the large 
size instantons and monopoles are intimately connected 
and instantons have the internal structure resembling the 
instanton-quarks. Unfortunately, one should not expect 
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FIG. 2: Phase diagram of QGD at nonzero temperature and 
isospin chemical potential. First and second order phase tran¬ 
sitions are depicted by solid and dashed curves, respectively. 
Ghiral symmetry is broken everywhere except in the QGP 
phase. The conhned phases are shaded. Conhnement of pure 
glue is expected at very low T and very large ni 


to be able to account for large instantons using semi- 
classical technique to bring this intuitive correspondence 
onto the quantitative level. However, this analogy may 
help us to understand the relation between picture advo¬ 
cated by’t Hooft and Mandelstam and confinement 
due to the instanton-quarks, as conjectured in the present 
paper. The key point of the ’t Hooft - Mandelstam ap¬ 
proach is the assumption that dynamical monopoles exist 
and Bose condense. If our conjecture is correct, then one 
can argue (on the basis of semiclassical analysis , see 
also [ 13 ) that the instanton-quarks carry the magnetic 
charges and are responsible for confinement. In this case 
both pictures could be the two sides of the same coin. 
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